This paper is a comment on the paper "Quantum Mechanics and Algorithmic Randomness" was written by Ulvi Yurtsever [1] and the briefly explanation of the algorithmic randomness of quantum measurements results.
Introduction
Before quantum mechanics be introduced, there was this approach that there is no real randomness in the real world and the probability models are just theoretical concepts and the randomness that will defined in the real world, as it was in the mentioned paper too, it is just pseudo-randomness which means they are simulation of the abstract meaning of randomness and they have been introduced to have similar property as the abstract definition [4] . Because in the definition of a random probability we just know with some probabilities some events happen and there is no reason for them. Defining every reason for that change the definition of randomness which this means there is no algorithm that can predict and simulate the outcomes of a probability source. By this abstract definition of each random variable or probability source is not computable, this means there is no algorithm for defining them.
After quantum mechanics as you can see [5] , the results of quantum measurement define exactly similar to the abstract meaning of probability theory, and they suppose there is no reason that why this result appear, it is important that they emphasize, there is no reason and it is different from, there can be a reason and we have lack of knowledge.
Due to this definition the quantum randomness is completely correspond to the abstract mathematical definition of probability randomness and it not computable too.
As you can see in the definition of the Bernoulli probability source there is no reason or algorithm that why the probability source produce zero or one and it is just happens with probability p. But the strings and the sequences are produced by these sources can be algorithmically random or can be compressible.
With above definitions, theoretically there is no differences between Bernoulli sources and measurements on qubits or 2×2 density metrices, but practically similar to [6] , it is possible to find difference between classical sequences and quantum measurements results.
Preliminaries
In this section we will discuss some basic concepts about quantum models and quantum measurements that we need here, then if you are familiar with these topics, you can jump to the conclusions, at the section "About this article".
Quantum sequences
For each density matrix ρ ∈ M 2 (C), we can perform various measurements corresponds to a family of operators Π = {π 0 , π 1 } ∈ M 2 (C) satisfying the following:
density operators play the role of probability distributions in the ordinary probability theory. [3] Property 1. When we perform the measurement Π under the state ρ , the probability of obtaining the outcome π k , say P(k|Π), is given by P(k|Π) = T r(ρπ k ). which means in both model just two events can happen and each events happen with probability 1/2 and there is no different from doing one measurement on the state ρ and one realization of a Bernoulli distribution. Property 3. If x 1 x 2 · · · x n be a string with length n and x i ∈ {0, 1}. If this string generate from a Bernoulli source ( which means x 1 x 2 · · · x n are i.i.d with Bernoulli distribution) there can be 2 n different strings with length n and all with probability 1 2 n and similarly this string with the same probability distribution for each case can be the results of the quantum measurements. Generally, Let n be the sample size or the length of the string for the string x 1 x 2 · · · x n we define D = |x 1 x 2 · · · x n , and x i ∈ {0, 1}. The element of D is a result of following quantum measurements.
Let Π = {π 0 , π 1 } ∈ M 2 (C) satisfying the following:
Property 4. The quantum strings that are generated by doing a measurement on density metrics ρ ∈ M 2 (C) and classical strings are generated by Bernoulli source, are theoretically the same. Although practically the strings are produced by computers or flipping a real coin can be different from the quantum strings, because they are some simulations of Bernoulli distribution, and they just trying to be close to the abstract definition of Bernoulli distribution.
Property 5. As we defined above, The infinite sequence is generated by both of the models (quantum measurements and classical Bernoulli distribution) according to the brudno's theorem are algorithmically random.
As we defined, the sequence has been produced in quantum source or measurement of quantum system, can be similar Bernoulli distribution or Bernoulli source. According to the Heisnberg definition there is no reason for the results of quantum measurement. Then it is obvious that the quantum measurement is Kolmogorov randomness. But the sequence that will be produced by it can be compressible or incompressible.
Quantum measurements on the entangled states
∈ H A ⊗ H B , be a shared state between Alice and Bob. When Bob wants to do an arbitrary measurement with the operators {M α , M β }, then the measurement operators on the whole system will be {I ⊗ M α , I ⊗ M β }, then
• We observe α with probability P(α) = ψ|I ⊗ M † α M α |ψ , the original quibt ψ will collapse to ψ α :=
I⊗Mα|ψ I⊗Mα|ψ
, where I ⊗ M α |ψ 2 = P(α).
• We observe β with probability P(β) = ψ|I ⊗M † β M β |ψ and the original quibt ψ will collapse to ψ β :=
, where I ⊗ M β |ψ 2 = P(β).
Remark 2. Similarly, here we can just do a measurement on the first system, we should choose the measurement as {|N N| ⊗ I, |N ′ N ′ | ⊗ I}. Because in the mentioned paper, Alice do the measurement in the computational basis, so we do our measurement on the first system, before Bob's measurement, with these operators {|0 0| ⊗ I, |1 1| ⊗ I}, on the qubit ψ,
• We observe 0 with probability P(0) = ψ||0 0| ⊗ I|ψ = 1/2 and the original quibt ψ will collapse to ψ 0 := |0 0|⊗I|ψ |0 0|⊗I|ψ = |00 .
• We observe 1 with probability P(1) = ψ||1 1| ⊗ I|ψ = 1/2 and the original quibt ψ will collapse to
Let P(0|α) = The probability of Alice observes 0 if Bob observed α in the second measurement. Then
Also P(1|β) = The probability of Alice observes 1 if Bob observed β in the second measurement. Then,
with the law of total probability if B n , n = 1, 2, 3, ... is a set of pairwise disjoint events whose union is the entire sample space, then for any event A of the same probability space: P(A) = n P(A ∩ B n ) or equivalently
then in this case: if P(0) = the probability that Alice observes 0 if Bob did an arbitrary measurement on the second system then P(0) = P(0|α)P(α) + P(0|β)P(β)
and similarly
Remark 4. Suppose {L l } and {M m } are two sets of measurement operators. Then a measurement defined by the measurement operators {L l } followed by a measurement defined by the measurement operators {M m } is physically equivalent to a single measurement defined by measurement operators {N lm } with the representation
Remark 5. Let Bob does an arbitrary measurement on the j-th state with the operators {π α j , π β j }, or similar Remark 2 does nothing and Alice performing measurement by operators {|0 0|, |1 1|} then the measurement operators on the whole system will be
(Note: if Bob does more than one measurement as you can see in Remark 4, we can assume all of them as one measurement.) Then according to the Property 3 and Remark 3, Alice observe each sequence k 1 k 2 · · · k N where k j ∈ {0, 1} with probability 1 2 N , in other words
Remark 6. According to the above discussions, the conclusion of these three following events are the same and in each case the probability of results, zero or one, comes from the Bernoulli distribution, which means Alice observes 0 with probability 1/2 and observes 1 with probability 1/2 and it will not change anything.
1. If Bob does a measurement on the second system and then Alice does a measurement in the first system.
2. If Bob does many measurements (more than one) on the second system and then Alice does a measurement in the first system.
3. If Alice just does a measurement in the first system and Bob does nothing.
In every time, when we perform a measurement on one part of the entangled system, the probability of getting a specific result is completely independent from the measurement or unitary operators acting on the second part. As we showed in our case when we are doing the measurement in the computational basis on the state ψ, we always deal with a Bernoulli probability distribution with parameter p=1/2, then the result always comes from this Bernoulli distribution.
About the article
First, in the mentioned paper, we have many references to a manuscripts that doesn't have published yet.
Second, in the mentioned paper the writer defined a channel for proving his theory and he said, "Here is how the construction of this communications channel might proceed: First, Alice he did not prove that with this channel has a capacity more than zero and the results of using this channel is algorithmic randomness and by mistake, with the above descriptions he just explained why he thought that it should have this properties.
Then he concluded because of the channel he defined, we can send a message with entangled quibts then it contradict with relativistic causality so the quantum randomness should be algorithmically random.
1. If Bob do every measurement in one entangled state ψ similar to Remark 3, then changing Bob's measurements has no effect on the correlation or on the results that Alice will observe and the results come i.i.d., from a Bernoulli distribution (in contrast to the writer's speculation). Then as we discussed in Remark 5 and 6, and Property 4, it will not change the results that Alice will observe.
2. I am sure that the writer did not intend to do all different random measurements in one entangled measurement, but just to be clear, if he intended, it isn't helpful because with the first measurement that Alice does, the entangled state will collapse and the state of the system will be separable and the other Bob's measurements will not change the Alice state at all.
As you can see in the definition of channel if Bob wants to send zero he does nothing, he does not change the measurement basis, (he can do the measurement in this basis or he can do nothing) and if he wants to send 1 with the way was explained, he changes his measurement basis and does the measurement, and the writer think this randomly basis choosing can make an incompressible string for Alice, and he concluded "This procedure of scrambling with the random template T guarantees that Bob's modified Nbit long string of quantum measurements is almost surely p-incompressible." but as we mentioned above in Remark 5 and Remark 6, if Bob does nothing or chooses a basis randomly and does a measurement, Alice always deals with a Bernoulli probability distribution with parameter p=1/2, then the results always come from this Bernoulli distribution. All the string with the length N will appear with probability 1 2 N . In both case (Bob does nothing, or act according his procedure) the string with N zeros comes exactly with probability 1 2 N similar to an incompressible string with length N can appear. In the other words, Bob can not affect the Alice's strings, either he can not made the Alice's string become incompressible or he can not make it compressible, So his channel is useless.
